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Encoding information into all infinite subsets of a dense set
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Suppose you have a noncomputable set X and you want to find a set A of natural
numbers, all of whose infinite subsets compute X. There are several ways to do this, but
all of them seem to end up producing a set A which is fairly sparse. We will prove this is
necessary in the following technical sense: if X is noncomputable and A is a set of natural
numbers of positive lower density then A has an infinite subset which does not compute
X. I will discuss the proof of this theorem, limitations on extending it and its connection
to work on the reverse math of Ramsey's theorem. This is joint work with Matthew
Harrison-Trainor.
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